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1. Introduction 



Caffarelli- Friedman [7J proved a constant rank theorem for convex solutions of semilinear 
elliptic equations in M 2 , a similar result was also discovered by Yau [28J at the same time. 
The result in [7J was generalized to M. n by Korevaar-Lewis [27] shortly after. This type 
of constant rank theorem is called microscopic convexity principle. It is a powerful tool 
in the study of geometric properties of solutions of nonlinear differential equations, it is 
particularly useful in producing convex solutions of differential equations via homotopic 
deformations. The great advantage of the microscopic convexity principle is that it can 
treat geometric nonlinear differential equations involving tensors on general manifolds. 
The proof of such microscopic convexity principle for er^-equation on the unit sphere 
S n by Guan-Ma [17] is crucial in the study of the Christoffel- Minkowski problem. The 
microscopic convexity principle provides some interesting geometric properties of solutions 
to the equation. For symmetric Codazzi tensor, the microscopic convexity principle yields 
that the distribution of null space of the tensor is of constant dimension and it is parallel. 
The microscopic convexity principle has been validated for a varieties of fully nonlinear 
differential equations involving the second fundamental forms of hypersurfaces (e.g., [17} 

nana ED. 

Driven by the pertinent question that under what structural conditions for partial dif- 
ferential equations so that the microscopic convexity principle is held, Caffarelli-Guan-Ma 
[8] established such principle for the fully nonlinear equations of the form: 

(1.1) F(uij(x)) = f(x,u(x),Vu(x)). 

where F(A) is a symmetric and F(A~ 1 ) is locally convex in A. The similar results were also 
proved for symmetric tensors on manifolds in [8], along with several important geometric 
applications. It is important to consider equations where F involves other arguments 
in addition to the Hessian (uij). For example, it is desirable to include linear elliptic 
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equations and quasilinear equations with variable coefficients. In many cases, a solution 
v to an equation itself may not be convex. Yet, some of its transformation may be convex 
(e.g., [7]). If v is a solution of equation (jl.ip . u = h(v) is a solution of equation 

(1.2) F(V 2 u, Vu, u, x) = 0. 

In general, V 2 u may not be separated from the rest of the arguments. The similar situation 
also arises in the case of geometric flow for hyper surf aces. 

In this paper, we study the microscopic convexity property for equation in the form 
of (jl.2p and related geometric nonlinear equations of elliptic and parabolic type. The 
core for the microscopic convexity principle is to establish a strong maximum principle 
for appropriate constructed functions. The key is to control ceratin gradient terms of the 
symmetric tensor to show that they are vanishing at the end. There have been significant 
development of analysis techniques in literature [271 El El HI E] for this purpose, 
in particular the method introduced in [8j. They are very effective to control quadratic 
terms of the gradient of the symmetric tensor. For equation (|1.2|) . linear terms of such 
gradient of symmetric tensor will emerge. All the previous methods break down for these 
terms. The main contribution of this paper is the introduction of new analytic techniques 
to handle these linear terms. This type new analysis involves quotients of elementary 
symmetric functions near the null set of det(uy-), even though equation (11.20 itself may 
not be symmetric with respect to the curvature tensor. The analysis is delicate and has to 
be balanced as both symmetric functions in the quotient will vanish at the null set. This 
is a novel feature of this paper, it is another indication that these quotient functions are 
naturally embedded with fully nonlinear equations. In a different context, the importance 
of quotient functions has been demonstrated in the beautiful work of Huisken-Sinestrari 
|22j . We believe the techniques in this paper will find way to solve other problems in 
geometric analysis. 

To illustrate our main results, we first consider the equations in flat domain. Let O is a 
domain in M. n , S n denotes the space of real symmetric nxn matrices, and F = F(r, p, u, x) 
is a given function in S n x W l xlx!] and elliptic in the sense that 

(1.3) (- (V 2 u, Vu, u, x)) > 0, VxE a 

or af3 

Theorem 1.1. Suppose F = F(r,p,u, x) £ C 2,1 (5 n xlR n xIRxf2) and F satisfies conditions 
and 



(1.4) 



F(A u, x) is locally convex in (A, u, x) for each p fixed. 
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If u G C 2,l (SX) is a convex solution of then the rank of Hessian (V 2 u(x)) is constant 

I in 0. For each xq G £1, there exist a neighborhood IA of xq and (n — I) fixed directions 
Vi," ' , V n _i such that V 2 u(x)Vj = for all 1 < j < n — I and x G IA. 

There is also a parabolic version. 

Theorem 1.2. Suppose F = F{r,p,u,x,t) G C 2,1 (S n x R" x M x x [0, T)) and F satisfies 
conditions il.3\) for each t and 

(1.5) F(A~ 1 ,p, u, x, t) is locally convex in (A,u, x) for each (p,t) fixed. 
Suppose u G C 2,1 (0 x [0, T)) is a convex solution of the equation 

(1.6) — = F(V 2 u, Vu, u, x, t). 

For each T > t > 0, let l(t) be the minimal rank of (V 2 u(x,t)) in fL Then, the rank of 
(V 2 u(x,t)) is constant for each T > t > and l(s) < l(t) for all s < t < T. For each 
< t < T , xq G £1, there exist a neighborhood IA of xq and (n — l(t)) fixed directions 
V\, ■ ■ ■ , V n _i( t } such that X/ 2 u(x, t)Vj = for all 1 < j < n — l(t) and x (zlA. Furthermore, 
for any to G [0,T), there is 5 > 0, such that the null space of (V 2 u(x,t)) is parallel in 
(x, t) for all x G Q,t G (to, to + S). 

An immediate consequence of Theorem 11.11 is the validation of a conjecture raised by 
Korevaar-Lewis in [27] for convex solutions of mean curvature type elliptic equation 



(1.7) V a ij (Vu(x))uij(x) = f{x,u(x),Vu(x)) > 0. 



Corollary 1.3. Let Q, C R n be a domain. Suppose u is a convex solution of elliptic 
equation \1. 7\ ). If 

(1.8) — ^is locally convex in (x,u) for each p fixed, 

f{x,u,p) 

then the Hessian of u is of constant rank in £1. 

Korevaar-Lewis [27] proved that the Hessian of any convex solution u of elliptic equation 
(jl.7p is of constant rank and u is constant in n — I coordinate directions, provided that 
jr^pj i s strictly convex for any p fixed. They conjectured that the constant rank result 
still holds if jr^pj * s ° nr y assumed to be convex. They observed when n = 2, this can be 
deduced from the proofs of Caffarelli- Friedman in [7] . Set 

F(V 2 u, Vu, u, x) = 777v7~7 ^ TT + 77 (\t7(W > 

22i,j aJ {yu(x))Uij{x) f{x, u{x),Vu{x)) 

Equation (|1.7|) is equivalent to F(V 2 u, Vu, u, x) = 0. It is straightforward to check that 
F satisfies Conditions fjl .3 j) and (|1.4|) under the assumptions in Corollary 11.31 
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We now discuss some geometric equations on general manifolds. Preservation of con- 
vexity is an important issue for the geometric flows of hypersurfaces (e.g., |21|, [5] and 
references therein). We have the following general result. 

Theorem 1.4. Suppose F(A, X,n) is elliptic in A and F(A~ 1 , X,ft) is locally convex 
in (A,X) for each fixed n G §> n . Let M(t) C K n+ be compact hypersurface and it is a 
solution of the geometric flow 

(1.9) X t = -F(g- 1 h,X,n)n, t £ (0,T), M(0) = M , 

where X, n, g, h are the position function, outer normal, induced metric and the second 
fundamental form of M(t). If Mq is convex, then M(t) is strictly convex for allt 6 (0, T). 

Alexandrov in [H [3] studied existence and uniqueness of general nonlinear curvature 
equations, 

(1.10) Fig^h, X, n{X)) =0, VlG M, 

where X is the position function of M and n(X) the unit normal of M at X. The following 
theorem addresses the convexity problems in [H [3] . 

Theorem 1.5. Suppose F(A,X,n) is elliptic in A and F(A~ 1 , X,n) is locally convex in 
(A, X) for each fixed n £ S n . Let M be an oriented immersed connect hypersurface in 
jgm+i yjifa a nonnegative definite second fundamental form h satisfying equation I11.10\) , 
then h is of constant rank its null space is parallel. In particular, if M is complete, then 
there is < / < n such that M = M l x M. n ~ l for a strictly convex compact hypersurface 
M l in . If in addition M is compact, then M is the boundary of a strongly convex 
bounded domain in R n+1 . 

Theorem 11.51 shares some similarity with the classical result of Hartman-Nirenberg in 

The microscopic convexity principle can be used to prove some uniqueness theorems in 
differential geometry in large. An immersed surface in M 3 is called Weingarten surface 
if its principle curvatures k\,K2 satisfy relationship F(k\,K2) = for some function F. 
Alexandrov [2j and Chern [12] proved that if M is a closed convex surface in M 3 such that 
F(ki,K2) = for some elliptic F (i.e, F satisfies condition (jl.3p ). then M is a sphere. In 
higher dimensions, there is extensive literature devoted the sphere theorem of immersed 
hypersurfaces (e.g., [Hill!]). We prove the following sphere theorem, we refer to [T7 1 [T8 l l8] 
for applications in classical and conformal geometry, and refer to [15] for applications in 
Kahler geometry. 
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Theorem 1.6. Suppose (M,g) is a compact connected Riemannian manifold of dimension 
n with nonnegative sectional curvature, and positive at one point. Suppose F(A) is elliptic, 
and W is a Codazzi tensor on M satisfying equation 

(1.11) F(g~ 1 W)=0 onM. 

If either 

(1) n = 2, or 

(2) n > 3, W is semi-positive definite and F(A~ 1 ) is locally convex for A > ; 
then W = eg for some constant c > 0. 

Theorem 11.61 was proved by Ecker-Huisken in [13] under the assumption F is concave, 
we refer Remark 14.91 for relationship between concavity of F{A) and condition on F in 
case (2) of Theorem 11.61 We note that when n = 2, only ellipticity assumption on F is 
needed in Theorem 11.61 

There is a vast literature devoted to the study of the convexity of solutions of par- 
tial differential equations. There is a theory of macroscopic nature, where problem is 
considered in a convex domain in W 1 with proper boundary conditions. Korevaar made 
breakthroughs in [25} [26] , he obtained concavity maximum principles for a class of quasi- 
linear elliptic equations defined convex domains in W 1 in 1983. His results were improved 
by Kennington [24] and by Kawhol [23]. The theory further developed to its great gener- 
ality by Alvarez-Lasry-Lions [4j in 1997, they established the existence of convex solution 
of equation (jl.2p for state constraint boundary value under conditions (jl.3p - (|1.4p and that 
F satisfies comparison principle. Microscopic convexity implies macroscopic convexity if 
there is a deformation path (e.g., via the method of continuity or parabolic flow). Theorem 
11.11 is the microscopic version of the macroscopic convexity principle in [4] . 

The rest of the paper is organized as follows. In section 2, we introduce a key auxiliary 
function q{x) and derive certain negativity properties of this function (Proposition 12.11 
and Corollary 12. 2 j) . In section 3, we establish a strong maximum principle for function 
4>(x) = ai + i(V 2 u(x)) + q(x). In section 4, we discuss condition (|1.4j) and related results. 
The last section is devoted to geometric equations on manifolds. 

Acknowledgement: We would like to thank Professor Xinan Ma for several helpful discus- 
sions. Part of work was done while the first author was visiting McGill University. He 
would like to thank the Department of Mathematics and Statistics at McGill University 
for its warm hospitality. 
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2. An Auxiliary function 

To establish a microscopic convexity principle, one would like to prove the rank of V 2 u 
is of constant rank. It is natural to consider function 07+1 (V 2 u) here I the minimal rank 
of V 2 tt. V 2 u is of constant rank is equivalent to 07+1 (V 2 it) = 0. It was first shown by 
Caffarelli- Friedman in [7J that there is a strong maximum principle for 07+1 (V 2, u) when 
F = A in M 2 . In the subsequential papers [STJ El EH El > this type of maximum principle 
was establishes for differential functional F when it is either an elementary symmetric 
function of V 2 u or a quotient of them. In these papers, the analysis relies on the algebraic 
properties of the elementary symmetric functions. For general F in (jl.lh . the test function 
07 +1 (V 2 u) was replaced by <7/ +1 (V 2 u) + ^07+2 (V 2 u) (A large). All these are relied on one 
special fact: for symmetric function F in (jl.ip . all the third order derivatives (i.e., the 
gradient of the symmetric tensor V 2 tt) which appear in the process are always in quadratic 
order. This fact is important for above mentioned methods to work, we refer Remark 12.61 
for a discussion of a unified argument. 

When deal with general equation (|1.2j) . linear terms of third order derivatives of u (i.e., 
the gradient of the symmetric tensor V 2, u) will appear. How to control them is the major 
challenge. All the test functions considered before would yield certain " good' quadratic 
terms of third order derivatives which are not strong enough for this case, as linear 
terms can not be controlled by quadratic terms when they are assumed to be approaching 
(we want prove all of them are vanishing at the end). We introduce a new auxiliary 
function which is composed as a quotient of elementary symmetric functions ^^|yi"j near 
points where V 2 tt(x) is of minimal rank I. Though both 07+1 (V 2 m) and 07+1 (V 2 u) vanish 
at points where rank of V 2 u(x) is I, the Newton-MacLaurine inequality guarantee it is 
well defined. In fact, we will show ^ + ^|^ 2 "| has optimal C 1,1 regularity in Corollary 12.21 
Furthermore, we will signal out some key concavity terms of this function in Proposition 
12.11 to dominate the aforementioned linear terms of corresponding third order derivatives. 
The quotient function of elementary symmetric function plays a crucial role in this paper. 
We also call attention to the work of [22] for some other important roles of this type of 
functions in geometric analysis. 



With the assumptions of F and u in Theorem 11.11 and Theorem 11.21 u is automatically 
in C 3 ' 1 . We will assume u G C 3,1 (Q) in the rest of this paper. Let W(x) = V 2 it(x) and 
I = min-rgn rank(V 2 u(x)). We may assume I < n — 1. Suppose zq G f2 is a point where W 
is of minimal rank /. 
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Throughout this paper we assume that (Jj(W) = if j < or j > n. We define for 

W = (uy) G S n 

(2.1) , W = {^ if ^W>° 

[ 0, if = 

For any symmetric function /(W), we denote 

f ii_ df(W) j f i,km_ d 2 f(W) 



duij duijdiikm 
For each zq G where W is of minimal rank Z. We pick an open neighborhood O of zq, 
for any x G O, let Xi(x) < \2(x)... < X n (x) be the eigenvalues of W at x. There is a positive 
constant C > depending only on 1 1 1 1 c 3 ' 1 » W(zq) and O, such that A n (x) > A n _i(x)... > 
K-i+i(x) > C for all x £ O. Let G = {n — I + 1, n - I + 2, ...,n} and £ = {1, ...,n - Z} 
be the "good" and "bad" sets of indices respectively. Let Aq = (A n _; + i, A n ) be the 
"good" eigenvalues of W at x and A# = (Ai, \ n -i) be the "bad" eigenvalues of W at 
x. For the simplicity, we will also write G = Aq, B = Ab if there is no confusion. Note 
that for any 5 > 0, we may choose O small enough such that \{x) < 5 for all i S B and 
x G O. 
Set 

(2.2) (j) = a l+1 (W) + q(W) 

where q as in (|2. 1 j) . We will use notation /i = 0(/) if |Zi(x)| < Cf{x) for x G O with 
positive constant C under control. It is clear that Aj = 0((f>) for all i € B. 
To get around 07+1 (W) = 0, for e > sufficient small, we consider 

(2.3) qt {W) = (Tl+2{ ^; ) MW)=a l+1 (W e )+q e (W), 

where W t = W + el. We will also denote G e = (A n _j +1 + e, ...,A n + e), _B e = (Ai + 
e, ...,A n _i +e) 

We will work on q e to obtain a uniform C 2 estimate independent of e. One may also 
work directly on q at the points where 07+1 (V 2 u) 7^ to obtained the same results in the 
rest of this section (with all relative constants independent of chosen point). In any case, 
we prefer to work on q e . 

Set 

(2.4) v(x) = u(x) + ^M 2 - 

We have W e = (V 2 v). To simplify the nations, we will write q for q e , W for W e , G for G e 
and B for B e with the understanding that all the estimates will be independent of e. In 
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this setting, if we pick O small enough, there is C > independent of e such that 
(2.5) ai +1 (W(x)) > Ce, and ai(B(x)) > Ce, for all x G O. 

The importance of the function q is reflected in the following proposition. 

Proposition 2.1. There are constants Ci,C2 independent of e such that at any point 
z £ O with W is diagonal, for any a, (3 E {1, • • • , n}, 

£ q ihkm v l]a v kmP < Crf + C 2 ^2 |V%| - 2 Yl ^^m)!^ ^^ 

i,j,k,m ijeB ieBJeG 1 ^ ' 3 

WW) Y^ ai ^ Viia ~ Vii Y v iio){o-i{B)v ii f 3 - vu ^2 v jjp) 

i ieB jeB jeB 

^ 2 

( 2-6 ) T~R\ Y V ij»Vjif3 JT^r^ViiO-^BlljVtiaViip. 

a n^) ijeB&j ai[U > ieB 

The last three terms in (|2.6j) will play key role to dominate linear terms of Vij a G B) 
in our proof of Theorem II .11 in the next section. 

Corollary 2.2. Let u G C^ l {9) be a convex function and W{x) = (uij(x)),x G ri. £ei 
I = mm x <=Q r&nk(W (x)) , then the function q{x) = q(W(x)) defined in \2. 1\) is in C 1 ' 1 (f2). 

The rest of this section will be devoted to the proof of Propositior l2.lt which involves 
some subtle analysis of function q. The proof of Corollary 12.21 will be given at the end of 
this section. In preparation, we will list several lemmas which are well known. For the 
sack of completeness, we will provide the proofs. Suppose W is any nxn diagonal matrix, 
we denote (VF|i) to be the (n — 1) X [n — 1) matrix with ith row and ith column deleted, 
and denote (Vl^|ij) to be the (n — 2) x (n — 2) matrix with i,jth rows and i, jth. columns 
deleted. 

Lemma 2.3. Suppose W is diagonal. Then we have 



( a l+1 {W)a l+1 (W\i)-a l+2 {W)a l {W\i) ., . _ . 

qV=l ' 3 ,and 

if i + j 



(a), if i = m,j = k,i ^ j, then 



ij,km _ <Tl(W\ij) 



<n+i(W) af +1 (W) 
(b). if i = j = k = m, then 

qlh km = _ 2 ^K { {w) m) _ ai (W\i)a l+2 (W\i)) 
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(c). if i = j,k = m,i ^ k, then 

n ij,km _ °l(W\ik) a l+1 (W\i)ai(W\k) ^(Wlh^iWli) 



<r l+1 (W) af +1 (W) af +1 (W) 

^+2^0^-10^ <T l+2 (W)a l (W\i)a l (W\k) 
°lx(W) + of +1 (W) 

(d). otherwise 

q ij,km = q 

Proof. Since W is diagonal, it follows from Proposition 2.2 in [T7] 

da^W) _ f a^(W\i), if i = j 



dvij ' \ 0, if i^ j 
and 

d 2 a (W) f a -y-2(W\ik), if i = j,k = m,i ^ k 

dv . y dv — = \ -o"7-a(W|y)> if i = rn,j = k,i^j 

ij km y o, otherwise 

for 1 < 7 < n. We obtain thus 

ij _ dai+i _ j ai(W\i), if i = j 

and 



1+1 dW„ 1 0, iii^j 



q2 ( &i-i(W\ik), if z = j,k = m,i ^ k 

(2-7) ^ = d w a dw = -^CWIvO iH = ™,j = M^j 

ij fcm o otherwise 



A direct computation yields 

(28) tl _ 1 da l+2 (W) a l+2 (W) da l+1 (W) 

[ ' ' <n+i(W) dv^ <t? +1 (W) dv^ 



and 



ij,km 



1 #V 2 (W0 1 d<Tz +2 (W0&7 /+ i(W0 



£7 i+1 (W) dvijdv km af +1 (W) dv^ dv km 

1 S«7 /+2 (W) S<7, + l(W) ^ +2 (W)9V W (W) 



crf +1 (W) dv km dv^ dvijdv km 

(29) | 2 ^ +2 (Ty)9a m (^)^ +1 (^) 

of+iW dv km 
The lemma follows from (12.81) and (12.91). 
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Lemma 2.4. Suppose W is diagonal, then 



0(0),' iii=jeG 
0, if i± j. 



Furthermore q l ^ km can be computed as follows: 

(1) Ifi,j,k,m G G, 

q ij,km = Q ^ 

(2) IfjeG,i€B, 

af(B\i) - a 2 (B\i) 



(3) Ifi,j G B,i^j, 



(4) IfieB, 



af(B)v 
1 



+ 0{cj>) 



ai(B) 



+ 0(1) 



ii,n 



af(B) 



(ai(B)ai(B\i)-a 2 (B\i)) + 0(l) 



(5) Ifi eB,keG, 

(6) Ifi,keB,i^k, 



JvkM „ii,kk 



O(l) 



q u,kk = 2 ^{B) - o-j(B) + + «fcfc)gi(g) + 0(1) 



(7) otherwise 



q ij,km = Q 

Proof. From [T7] we conclude that for W = (G,B) and 7 > I, 

1 

o- 1 (W)=Y J °k{G)a 1 - k {B), 

k=0 

and 

I 

cr^(W\i) = J2 a k(G)(T^ k (B\i), for i G B; 



k=0 
l-l 



*>y(W\i) =Y,°k(G\i)a^ k (B), for i G G : 



fc=0 
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<r-y(W\ij) = ^o k (G\ij)<j^ k {B), for i,j G G; 

k=0 
l-l 

a 7 (W\ij) = J2°k(G\i)a^ k (B\j), for i G G,j G B 



k=0 

I 

<?l(W\i>3) = '^2crk(G)a 1 _ k (B\ij), for i,j G 5, 

k=0 

where a^- k {B) = ii j — k > n — I. The lemma follows directly from lemma [2731 and 
above formulae. □ 

Next we establish an estimate for third order derivatives of convex functions. 

Lemma 2.5. Assume u G C 3,1 (f2) is a convex function. Then there exists a positive 
constant C depending only on dist{0,d£l} and \\vWc 3 ' 1 (n) such that 



(2.10) \v ija (x)\ < C(yvu(x) + y/vj^x)^ 

for all x G O and 1 < a < n. 

Proof. It follows from convexity of v that for any direction rj G R n with \rj\ = 1 

v m (x) > 

for all x G fi. It's well known that for any nonneg ative C 1 ' 1 function h, \Vh(x)\ < Ch2(x) 
for all x G 0, where C depending only on ||/i||<7M(q) and dist{0,dQ} (e.g., see [29]). We 
now infer 

K^( X )I < C^Jv m (x). 

where C is a positive constant depending only on dist{0, dfl,} and H^Hc 1 . 1 ^) (which can 
be controlled by |Mlc3,i(Q)). Now set r/ = i if i = j and 

n = ^=(e i + e j ) if i / j. 

Proof of Lemma 12.51 is complete. □ 



Remark 2.6. In [8], test function <p(x) = 07 + i(V 2 it(x)) + Aai + 2(^ 2 u(x)) was introduced. 
The term Ao~i + 2(V 2u ( x )) was used there to overcome quadratic terms of the third order 
derivatives. With Lemma 12.51 these quadratic terms of the third order derivatives in fact 
can be controlled by ai + i(V 2 u(x)). Therefore, all the arguments in [8] can carry through 
for simpler test function 4>{x) = ai + i(V 2 u(x)). Nevertheless, for general equation (11. 2j) . 
we will see in the next section that linear terms of the third order derivatives will appear, 
the auxiliary function q(x) will play crucial role to control these terms. 
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Proof of Proposition \2. 11 Let us divide ^ • k m q %: >> Vij a Vk m p into three parts according 
to Lemma 12.31 

(2.11) <l ijMl (W(z))v tja v km p = I aP + II aP + III aP , 

i,j,k,m 



where 



and 



Lemma 12.41 yields 



Ia(3 = ^q^'^VijaVjip, 
n 

H a p = ^ Q U,U ViiaViil3 

8=1 



7" T 7~ Jcfc 

lllg.P = / jQ ' v iiaVkk/3- 
i^k 



i,jGG,i^j i€B,j€G j£B,i£G i,jeB,i=£j 

= 0{<j>) + 0( l v %'l) - ^~7b) Yl V H<* V M 
(2.12) -2 ^ -3^- ,•,;„,•;,,. 



It follows that from Lemma 12.41 



i£G i&B 

(2.13) = O(0) + 0{ |V%-|) - 2 2^ Viia«n^ 

and 

i,jeG,i^j i&B,j£G j'eB,iGG i,j£B,i^j 

(2.14) = O(0) +0( 2^ |V%-|) + 2^ 37m vuaVjjp. 
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By the identity, for any indices set A, 

y~] [2a 2 (A) - a\ (A) + (vu + Vjj)ai(A)]vii a v jj/3 

-2} j [a 1 (A)ai(A\i) - ^(A^vuaVup 

= ~ '^2(cr 1 (A)v iia - vu ^2 v jja)(cr 1 (A)v ii p - vu ^ v jjl3 ) 

(2.15) -2^2vuai(A\i) 

i<=A 

In particular, setting A = B in (|2.15p . we deduce 

2 

ii a/3 + in af3 = o(0) + o(Jj iv^-i)-^— Jj 

i,jeB ^1 i£B 

(2.16) - -^^^(ai(B)vii a - Vii^2v jja )(ai(B)v ii/3 - vu^2v jjl3 ). 

' ieB jeB jeB 

□ 

Finally, we prove Corollary 12.21 
Proof of Corollary 12.21 We only need to consider a small neighborhood O of these point 
p £ (1 such that the minimal rank is attained at p. For such fixed point z S O, we may 
assume W(z) is diagonal by a rotation. We thus obtain for any fixed a and (3 

(2 - 17) £Sr = ? + E ^' ,fcm (w(^)^an fcm/3 

a i,j i,j,k,m 

Since < J?(B ^g (B|i) < 1, by Lemma El 

|^'(W(z))| < C 

for some constant C under control. It yields the estimate for the first term in (|2.17p 

\\q^(W(z))u ijaP \\ < C||«|| C 8,i ( n) < C 
We treat the second term in (|2.17p . By Lemma 12.51 for i,j £ B 

(2.18) \ Uija \ < C(y/uu(x) + ^Ujj{x)) < Cy/a^B). 

Noting that Ujj > C > 0,j G G and < giiglg-gp^ < i. i t now follows from 
Proposition 12.11 

d 2 q(W(z)) 
dx a dxp ~ 

for all zeO. □ 
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3. A STRONG MAXIMUM PRINCIPLE 

In this section, we prove a strong maximum principle for denned in (|2.2p for equation 
(jl.2p . We may prove the same result for equation (|1.6|) and make Theorem 11.11 as a 
corollary of Theorem 11.21 But we prefer to work on elliptic case first. The parabolic 
version will be proved at the end of next section with some minor modification. 

We denote S n to be the set of all real symmetric nxn matrices, and denote 5" C S n to 
be the set of all positive definite symmetric nxn matrices. Let O n be the space consisting 
all n x n orthogonal matrices. We define 

Sn-i = {Q ( q ° B ) Q T I VQ G O n , V£ G S"- 1 }, 

and for given Q G O n , 

S n -!(Q) = {Q ( ° n ° W I VBGS™- 1 }- 



x B , 

Therefore S n -\,S n -\{ff) C S n . For any function F(r,p,u, x), we denote 

pa/3 = pu = ^£_ pXi = F af3rm = ^ F F ^,n & F 



dr a p ' du ' dxi ' dr a pdr ir) ' dr a pdu 

eft T? cfiF cflF FfiF 

(3 1) F a P> x k — F u,u _ _ pu,Xi _ u r pxi,xj ' 



dr a pdxk ' d 2 u ' dudxi ' dxidxj 

For any p fixed and QgO„, (A, u, x) G <S n _i(Q) x 1 x R n , we set 

X* F = ((F^(A, p, u, x)), -F U (A, p, u, x), —F Xl (A,p, u, x), ■ ■ • , —F Xl (A, p, u, x)) 

as a vector in S n x E x R™. Set 

(3.2) ={Ie S n -l(Q) xlxl" | <X,X* F >=0}, 
Let B G tff -1 , A = B- 1 and 

*=(SS).^(S1 

For any given Q G O n and X = ((Xy), Y, Zi, • • • , Z n ) G <S n _i(Q) x M x 1", we define a 
quadratic form 

n n n 

Q*(X,X) = ]T F ij,kl XijX kl + 2 r J {QAQ r )„XiiXji I ^ F x 

i,j,k,l=l i,j,k,l=l ij'=l 

n n n 

(3.3) -2 ^ F ij >Xy-y -2 ^ /••'•'••'< X,,Z k . + 2 ^ F n ' Xl YZ* + F U ' U Y 2 , 

i,j=l i,j,k=l i=l 

where functions F^' kl , F^,F U > U , F l ^ u , F l i' Xk , F u ' Xl , F Xi ' x i are evaluated at (QBQ T ,p, u, x). 
We first state a lemma, it's proof will be given in next section (after Corollary I4.2p . 
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Lemma 3.1. If F satisfies condition ftl.4\ ), then for each p £ W 1 , 

(3.4) F(0,p,u,x) is locally convex in (u,x), and Q*(X,X) > 0,\/X G r^* . 

The following theorem is the core of this paper. Theorem II. II is a direct consequence of 
Theorem 13.21 and Lemma 13.11 

Theorem 3.2. Suppose that the function F satisfies conditions tl.3\) and flff.^p , let u £ 

C 3,1 (f2) is a convex solution of If V 2 u attains minimum rank I at certain point 

xo £ $7, then there exist a neighborhood O of xq and a positive constant C independent of 
<f> (defined in \2.S\) ). such that 

(3.5) Y. paP M x ) <C(0(a;) + |V0(x)|), VxeO. 

In turn, V 2 u is of constant rank in O. Moreover, for each xq G 0,, there exist a neigh- 
borhood U of xo and (n — I) fixed directions Vi, ■ ■ ■ , V n -i such that V 2 u(x)Vj = for all 
1 < j < n — I and x G IA. 

Proof of Theorem 13.21 Let u G C 3,1 (f2) be a convex solution of equation (jl.2p and 
W(x) = (uij(x)). For each zq £ Q, where W = (V 2 n) attains minimal rank /. We may 
assume / < n — 1, otherwise there is nothing to prove. As in the previous section, we 
pick an open neighborhood O of zq, for any x G O, let G = {n — I + 1, n — I + 2, ...,n} 
and B = {1, ...,n — 1} be the "good" and "bad" sets of indices for eigenvalues of V 2 u(x) 
respectively. 

Setting <f> as dZ2]), then we see from Corollary O that 4> £ C l ^(0) , 

0(x) > 0, 0(z o ) = 
and there is a constant C > such that for all x G O, 

^i(B)(x) < <t>(x) < Ca x {B){x), ^*i{B)(x) < a l+1 (x) < Ca^B^x). 

We shall fix a point z £ O and prove (|3.5p at z. For each 2 G fixed, letting Ai < 
A2... < A n be the eigenvalues of W(z) = (uij(z)) at z, we can rotate coordinate so that 
W(z) = (uij(z)) is diagonal, and uu(z) = Aj,i = 1, • • • ,n. We note that all quantities 
involving g, q and <f> are invariant under rotation. 

Again, as in the previous section, we will avoid to deal with ai+i(W) = by considering 
for W € (defined in (g31)) for e > sufficient small, with W e = W + el, G t = (\ n -i+i + 
e, ...,A„ + e), B € = (Ai + e, ...,A n _i + e). We note that W € is the Hessian of function 
u e (x) = u(x) + ||x| 2 . This function u e (x) satisfies equation 

(3.6) ^(V 2 ^, Vu e , u e , x) = R e , 
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where R e (x) = F(V 2 u € ,Vu e ,u e ,x) — F(V 2 u, Vu, u, x). Since u E C 3 ' 1 , we have 
(3.7) \Re(x)\ < Ce, |Vi? £ (x)| < Ce, \X7 2 R e {x)\ < Ce, Vx G O. 



We will work on equation f|3.6|) to obtain differential inequality (|3.5p for <p e defined in 
(|2.3p with constant C\, C2 independent of e. Theorem 13.21 would follow by letting e —* 0. 

Set f = u e , in the rest of this section, we will write TV for W e , G for G e , -B for B e , q 
for g e and (j) for </> e , with the understanding that all the estimates will be independent of 
e. We note that by (|2.5j) . we have 

(3.8) e < C<f>(x), for all ieO, 
and v satisfies equation 

(3.9) F(V 2 v, Vu, x) = R(x), 
with it!(x) under control as follows, 

(3.10) \V j R(x)\ < C(f>(x), for all j = 0, 1, 2, and for all x G C 
Simple computation yields 

= dx~~ = ijC " ^ = 0X dxp = ija/3 + ^ V ijc* V kml3- 

We differentiate equation (|3.9p in Xj, by (|3.1Up . 

(3.11) F a/3 v a /3i + ^ F«*t; w + F°Vi + F x% = 0(cf>), 

a/3 k 

and differentiate equation (|3.9|) twice with respect to the variables Xi and Xj, again by 

E F a(3 v al 3v + E v <*m(J2 Faf3, ^ v ^ + E Fa/3 ' 9ft ^ + + 
+ E pqkv ^ + E ^E p^^vPi + E F9fe,< % + F<?fe '^ + F9fc,a;j ) 

fc fca/3 a/3 I 

+F v Vij + t; 4 (E ^' a/ V/3j + E + pV ' Vv i + 

a/3 I 

(3.12) + E F Xi ' aP v a(3j + E F Xi ' qk v kj + + F 3 *' 3 * = O(0). 

a/3 k 
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As 

v a/3ij — v ijafi (this fact will have to be modified later by a commutator formula when 
we deal with symmetric curvature tensors on general manifolds), we get 

= J2 F Ql3 ^ km v l3a v kmP - ^ ^F^v kij 

- 52 $ Wvu + 2 52 F aP ' 9k v aPi v kj + 52 F^v kiVlj 
+252 F*" v v kiVj + 2 52 F Qk,Xj Vki] 

- 52 <p ij [F a ^v a/3i v 7VJ + 2 52 F a/3 ' v v a f3iVj + 2 52 F a/3 ' Xj v a /3i 

(3.13) + 52 F V,V ViVj + ^52 pV ' Xjv J + Yl FXi ^ + °M 

We will deal terms in the right hand side of (|3,13p . The basic idea is to regroup them 
according indices in G and B. The analysis will be devoted to those third order derivatives 
terms which have with at least two indices in B. Since it contains some linear terms of such 
third order derivatives, previous arguments in [8] are not suitable here. The introduction 
of function q in (|2.ip is the key, the concavity results of q in last section will be used in 
crucial way. As for the rest terms left in (|3.13p . we will sort them out in a way such that 
condition (|1.4|) can be used to obtain appropriate control. 

We note that since W = (v^j) is diagonal at z, by Lemma 12.31 and Lemma 12.41 

' ai(G) + ^ Bl X2 {m +0(t), iii=jeB 

(3.14) d> ij (z) = l oso). ' if* = j€G 

,0, iii^j 

Hence at z 

52 4> 13 \F v v l3 + 2 52 F a ^v afH v kj + 52 F^v kiVlj + 252(F^ v v kiVj + F qk ' Xj v k i)] 



n 



= 52 <f> u [F°vu + 2 52 F a ^v aPi v u + F^vuvu + 2F^v %i v % + 2F*' a *u«] 
i=i 

= 0(<f>) + 52 fi^F + 2 Y1 F<Xl3 ' qiv al3i + Fquqi vu + 2F qi ' v Vi + 2F qi ' Xi ]v u 

ieB 

(3.15) < OM + C52(a l (G) + a ^%-°f B V )vu = 0{<f>). 

ieB a ^> 

This takes care of the third term in the right hand side of (|3.13p . For the second term 
there, we have 

(3.16) 52 o i! F"r,,, = 0(<t>) + 52 4> U F^v kll = 0(0+52 IVuyl) 

ieB i,jeB 
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For the fourth term in (|3. 13j) . by (|3.14p we have, 

^[F a ^v aPi v irij + 2F a ^v aPi v j + 2F a ^v a0i + F^ v v lVj + 2F v ^v j + F a 



0(<j>) + ]T F a ^v a ^ vi + 2 £ F^v^ 

ieB 

+2 ^ F af3 ' Xi v a f3i + F"'"^ + 2F ,, ' x ^ i + F x ^} 



i,jeB ieB 1V ; 



1/3,3; 

(3.17) +F t ''V + 2F tw ?; i + F aw ]. 



Now we deal with the term £ F a/3 (f> ij > km v ija Vkmp in (|?TT3jh We note that 
Since <7i_i(W|ij) = 0(0) for i, j & G,i ^ j, for a, /3 fixed, by lETjl . 

^+1 v ijaVkmf3 = }^ °Z+1 V H» V kkf3 + 2^ ^i+l V ija v ji/3 
i^k ijtj 

= ^2<7l-l{W\ik)v iia V kk f3 - ^(Tl-xiW^VijaVjip 
i^k i^j 

= 0((j)+ Y \VVij\) -2 ^ a l-li G \j) v ijaVijp. 



i,j£B ieBJeG 



As (7,_i(G?lj) = j G G, we have 



tf^VijaVtonp = 0{(p+ ^ l V %'l) ~ 2(J l{G) ^2 T"'''/"'''/ ''• 



A, 

ij6S ieB,jeG ■> 

By Proposition 12.11 



E ^' fcm %a^ = O(0+ £ |V % |)-2 £ al{B % B )X m> VijaV ^ 

i,j,k,m i,jeB ieBJeG 1 ^ ' 3 



(-B)«iia - Vu ^ Vjja)(<Tl(B)Vii/3 - Vu^Vjjp) 

^ ' ieB jeB jeB 

1 2 

-— — V ija Vjip - -3—- U«ffi(B|i)««a««/9- 

^ ' i,jeB,i^j ^ ' ieB 
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We conclude that 

J2F^ km v l3a v kmP = 0(<p+ £ |V % |) - ^^ ^E^^gl^Wi^ 

1 v- oV-/ ? o$(B\i)-a 2 (B\i).l 
~ Twm Z> - 2 2^ w ( G ) + ^27^ 'T~ '''>'> < 

(3-18) ^(o-i(B)wjj Q - u« E Vjj a )(<ri(B)vup - v u E u ij79 )]. 

171 ^ ' ieB ieB jeB 

Combining (l3TT5]) - (j3TT8l) . (f3TT3l) is deduced to 

E F a/3 (j) Ql 3 = O(0 + E |V%|) - — E E 

ijSB U J a,/3 i,j&B,i^j 

2 

3?R\ E E F ° ll3v ii cr l( B \ i ) V iia v iiP 

a ,p i€B 

^ ^ ^(^^(B) - Ujj E v 3ja)(Vup(Tl(B) - Vu E 

' ieB jeB jeB 

«6B ° x ^ ' a,/3,y,rieG 

+ 2 E ^Er%«% + 2 E ^'"vicevi 

a/3eG jeG J a,/3eG 

(3.19) +2 E i ?afe ^a/3 + i ?1 ''^ 2 + 2F ,, ' :c ^ i + F a; "^]. 

a,/3eG 

At this point, we have succeeded in regrouping of terms involving third order derivatives. 
We first estimate the fifth term on the right hand side of f)3. 19|) . For each i £ B, let 

Ji = [ E F a ^v iaf3 v^ + 2 E ^E^%"%73 

a,/3,7,r;eG afi&G j&G J 

(3.20) +2 E i^'V*/m + 2 E ^^^ + ^'^1 + 2^^^ + ^^]. 

a,/3eG a,/3eG 

If / = 0, then G = and 

Ji = F v ' v (V 2 v,Vv,v,z)v 2 + 2F v ' x *{V 2 v,Vv,v,z)vi + F Xi ' Xi (V 2 v,Vv,v, z). 
Since F G C 2 - 1 and \V 2 v(z)\ = O (</>), by condition (|3"H) . 

J 4 = F u '"(0,Vi;,u,«)u? + 2F tw (0,Vv,v,z)v i +F IlA (0,V?),j;,z) + O(0) > -Cty. 
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We may assume 1 < I < n — 1. By Condition (jl.3p . since v G C 3,1 so G C ' 1 , as 
Ocfl, there exists a constant <5o > 0, such that 

(3.21) (F alS ) > 8qI, Vy G 0. 

As I > 1, so n G G and F nn > <5o- From (|3.1ip . since fjfc = JifcAi at z, we have for % G B 

Q,/3eG jjeB 
Now let's set A Q/3 = 0, a G 5 or (3 G -B, 

Inn = »inn - -^[ E F^V aPi + + F^], 

A Q/ 3 = u ia/3 otherwise, Y = —Vi and = —5^- As / < n — 1, so that (A Q/ g) G 
5 n _i(identity matrix) and X = {(X a p), Y,Z\, - ■ ■ , Z n ) G Again by condition (|3.4p . 

we infer that 

j. > £ \V Vij \). 

i,jeB 

Since C > a t (G) + ^W-g^lO > 0, thus we obtain 

a,/3 i,j&B 

~ 3 (B) ^ ^ ^(^a "^ 5 ) ~ v " E v 03ot){ v up a i{ B ) ~ v m E 
ai ^ ' a,/3 ieB jeB jeB 

(3.22) - vjW)^ ^ F V^-^mEE r ^« f7i ( B i 1 )^^' 

^ ' a,/3 i,jeB,i^j ^ ' a.,/3 ieB 

The final stage of the proof is to control the term YlijeB W v ij\ m (pL22j) by the rest 
terms on the right hand side. Let's set 

jeB 

By flfflD, 

n n 

E F^ViaVip > <5 E VL E FQ/3 %«%/3 > <5o E 

a,/3 a=l a, /3 a=l 

Inserting above inequalities into (|3.22p . we then obtain 



v 2 - . 



r'2 

" ia 



E*^ * ^+Ei v %i)-^EE^ 

a,/? i,jeB l{ - ' a=l ieB 

(3.23) "^yE E im'-^t^EE^ 1 ^ 

U ' a=li,jeB i^j 1V ; a=li£S 
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The key differential inequality f)3.5j) is the consequence of (|3.23[) and the following 
lemma. 

Lemma 3.3. There is a constant C depending only on n, \\v\\ C 2 and a ^ G ^ , such that for 
any constant D > 

0,4) e iv„ d < c ( i + l + m* + w) + p£ ^ n $^ 



Proof of Lemma 13.31 We will use a trick devised in p3] . We break write 

i,j£B i,j£B, i^j ieB 

If i ^ j, for any A > 0, the Cauchy-Schwarz inequality yields 



2ax(B)- 5 ^ 2(71(5)" 
What left are the linear terms involving v^q,, i E P, we need the help of the second 
term on right hand side of (|3.23p and <f> a . It follows from Lemma 12.41 that 

(3.25) K = 0(0) + £>(G) + Glm \-^ m) )vu a . 

i€B (T ^ ) 

Let us now fix a E {1, 2, • • • , re}, set 

P = {« E P| tfe > 0}, iV = {i E P| < 0}, R = {i E P| u iiQ = 0}. 

We consider two separate cases. 

Case 1. Either P = or N = 0. In this case, i^q, has the same sign for all i E B. We 
can derive easily 

(3.26) \Viia\ = 0((j> + \<t>a\)- 

Case 2. P / 0, iV ^ 0. We may assume 

iGP jeiV 

by reversing the direction of <9 Xq if necessary, since we only need to control It follows 

from (I335|) that, for i E P, 

Viia < ^ V kka < 1 0(0 + \<f>o\) ~ C ^ V jja, 

keP °^ ' jeN 

for some positive constant C under control. At this point, we have switched the estimation 
of Viia, i E P to the estimation of —Vjj a , j E N. 



22 BAOJUN BIAN AND PENGFEI GUAN 

Claim: If P ^ 0, N ^ 0, J]j G p u « > EjeJV we have 

jGAT 1V 7 iS-B 

If the Claim is true, we get for all k £ N, 

Vkka — ^ Vjja 

jeN 

< Da x {B) + 



^2 jeN V jja 



Da x {B) 

(3.27) < CJ *+ 

1V ' ieB 

which can be controlled by the 3rd term in (13. 23ft if we choose the constant D large enough. 
Consequently we can control terms involving va a , i E P. We now validate the Claim. 

Proof of Claim. We first have by the Cauchy-Schwarz inequality 

(£^) 2 <n 2 £^<n 2 J> 4 2 Q . 

ieN ieN ieB 

It follows that from the definitions of the sets P, N, R and Vi a 

Via = ^(^iii^Vjja+^Vkk^-VUai^Vjj + ^Vjj + ^Vkk) 

ieN ieN jeN keP jeN jeR keP 

(3.28) = (5>»)(5>**a) - ( E 

Since in this case 



ieN keP kePuR ieN 



ieiv feeP j'eiv 

all the terms on the right hand side of (|3.28p are nonnegative, thus we obtain 

J2 Via ) ^( Yl Vkk ) (J2 v ^) ^(\J2 v m) (Z^***) =^p-{Y, Vi 

iGN kePUR ieN ' keB ieN ieN 

The lemma is proved. □ 

By Lemma 13.31 and (|3.23|) . there exist positive constants C\,C2 independent of e, such 
that 

(3.29) J2 F °^^ ^ Ci(0 + |V0|) -C 2 E |V%|. 

a,/3 i,j&B 

Taking e — > 0, (|3.29p is proved for u. By the Strong Maximum Principle, <f> = in O. 
Since 0, is flat, following the arguments in [7J [27], for any xq £ there is a neighborhood 
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U and (n — V) fixed directions V±, ■ ■ ■ , V n -i such that X? 2 u(x)Vj = for all 1 < j < n — I 
and The proof of Theorem 13.21 is complete. □ 

4. Condition (ll.4p and discussions 

We discuss the convexity condition (|1.4p in this section. We write A -1 = (A^) to be 
the inverse matrix A -1 of positive definite matrix A. 

Lemma 4.1. F satisfies Condition if and only if 

n n 

£ F^ M (A,p,u,x)X ij X kl + 2 ]T F i ^A,p,u,x)A kl X ik X jl + F U > U Y 2 

i,j,k,l=l i,j,k,l=l 

n n n n 

(4.1) -2 Y F^XijY -2 ^ /•"'•'• X, , Z,.. + 2 ^ F U ^Y 'Z t + ^ pXi ' Xj z i z j > 

i,j=l i,j,k=l i=l ij=l 

for every X = (JTy) eS n ,Y eR and Z = (Z,) G R n . 

Proof. We have, from the convexity of F(B,u,x) = F(B^ 1 1 u 1 p,x) (for each p fixed), 

n n 

F a ^(B, u, x)X ap X ir} + 2 J2 F a ^ u X a pY + F U,U Y 2 

a, j3, 7, n=l a, (3=1 

n n n 

(4.2) +2 ^2 F a P> Xk X af3 Z k + 2 ^ F u ' Xk YZ k + F^^ZiZj > 

a,/3,k=l k=l i,j=l 

for every I £ S", 7 £ I, Z = (Zj) G M n and B £ S+. A direct computation yields 

F aP {B,u,x) = -F ij (B- 1 ,p,u,x)B ia B j(S , 
F a ^ u (B,u,x) = -F ij > u (B-\p,u,x)B ia B j P, 
F a ^(B,u,x) = F^ kl (B-\p,u,x)B ta B^B k ^B 1 ^ 
+F ij (B-\p,u, x) (B^&PB** + B ia B^B^). 
Other derivatives can be calculated in a similar way. Substituting these into (|4.2p . (|4.ip 
follows directly. □ 

Let Q E O n , we define 

F Q (A,u,x) = F(Q ( ° Q ) Q T ,p,n,x) 

for (A, u, x) G xKx !] and fixed p. Condition (jl.4p implies the following condition 

(4.3) Fq(A,u,x) is locally convex 

in x R x $7 for any fixed n x n orthogonal matrix Q. 
Lemma 14.11 yields the following by approximating. 
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Corollary 4.2. Let Q 6 O n . Assume F satisfies condition i/iera 

(4.4) Q*(X,X)>0, 

for every X = {(X i5 ),Y, Z u --- , Z n ) £ <S n -l(Q) xMxl", w/iere Q* is <ie/med in ( TOP . 

In particular, by Corollary 14.21 condition (|4.3|) implies (|3,4p . Since condition (jl.4p 
implies (|4.3p , Lemma 13.11 is a consequence of Corollary 14.21 

Condition (|4.3|) is weaker than condition (II. 4p . In particular condition (14. 3p is empty 
condition in A when n = 1. There is a wide class of functions which satisfy (14. 4p . The 
most important examples are at and ^ (I > k). If g is convex and iq, • • • , F m are in this 
class, then F = g(F\, • • • , F m ) is also in this class. In particular, if F% > and F2 > are 
in the class, so is F = Ff + if for any a > 1, /? > 1. Another property of condition (|4.3|) 
is the following 

Corollary 4.3. // F satisfies ft4-4\ )> then so is the function G(A) = F(A + E) for any 

nonnegative definite matrix E. 

We also have the following lemma. 

Lemma 4.4. If n = 2 and F(A) > is symmetric and of homogeneous of degree k. If 
either k < or k > 1, then F satisfies j4-4\ )- 

Proof. Since n = 2, condition (|4.4p is equivalent to F X2,X2 > 0. By homogeneity, we have 

n 

/' A A A,A ; = k(k-l)F. 
n = 2 and Ai = yields F X ^ X2 \ 2 2 = k(k - 1)F(0, A 2 ) > 0. □ 

Simple example like u = Ya=i x ti ^(^) = indicates that certain condition is 

needed in Theorem ll.il If F is independent of x, u, one may ask if the convexity assumption 
of F(A~ 1 ,p) for A in condition (|1.4p (or condition I3.4p is necessary for Theorem 11.11 As 
we remarked before, when n = 1, it is not necessary. For general n > 2, we have the 
following theorem. 

Theorem 4.5. Suppose F(A,p) is elliptic and u is a convex solution of 

(4.5) F(V 2 n,Vn) = 0, 

then W = (V 2 n) is either of constant rank, or its minimal rank is at least 2. In particular, 
if n = 2, then W is of constant rank. 
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Proof. The proof follows same lines of proof of Theorem 13.21 with the following observa- 
tions: condition f|4.3[) was only used to control Jj defined in (|3.20p . Let I be the minimum 
rank of W. If I = 0, that is G = 0, the proof of Theorem 13.21 works without any change 
since F is independent of (u,x) in our case. What left is the case I = 1, i.e., \G\ = 1, we 
may assume a = n G G. Note that (|3.19j) still holds. Since F(V 2 u,Vu) = 0, and 

= V,F(V 2 u,Vu) = F nn u nni + 0{<f> + ^ |Vuy|). 

ijeB 

This gives 

\<c{<j,+ Y J |v%-|). 

Of course, the treatment of terms involving mjp for i,j G -B follows the same way as in 
the proof of Theorem 13.21 We can now deduce that W is of constant. Finally, if n = 2, 
the only other case is I = 2. In this case, W is of full rank everywhere. □ 

Remark 4.6. In [6], Bramscap and Lieb proved log-concavity of the first eigenfunction of 
Laplacian operator for bounded convex domains in R n (see also [28, 10J for different proofs). 
In general, for a nonlinear eigenvalue problem .F(V 2 i>) = Xv, the function u = — \ogv 
satisfies equation (14. 5h if F is of homogeneous degree of one. 

Remark 4.7. The above proof of Theorem 14.51 indicates that if the minimal rank of W 
is either or 1, then the rank of (V 2 u) is the same everywhere. There is no structure 
condition imposed on F except the ellipticity condition fjl .3[> . This observation will be 
used in the proof of Theorem 11.61 in the next section. 

We conclude this section with the proof of Theorem 11.21 It is a consequence of the 
following Strong Maximum Principle for parabolic equations. 

Theorem 4.8. Suppose that the function F G C 2 ' 1 satisfies conditions il.3\) and j4-4\ ) f or 
each t G [0,T], let u G C 3 (0 x [0,T]) is a convex solution of 11. 6\) . For each < to < T , 
if V 2 n attains minimum rank I at certain point x$ G O, then there exist a neighborhood O 
of xq and a positive constant C independent of <f> ( defined in \2. I|) ), such that for t close 
to to, ai(uij(x,t)) > for x G O, and 

(4.6) Yl Fa>3 Mx, t) - (t> t (x, t) < C{<f>(x, t) + \V<f>(x, t)\), Vx G O. 

Consequently, the rank of V 2 u(x, t) is constant for every fixed t > and it is non- 
decreasing. For each < t < T, xo G Q, there exist a neighborhood U of xo and (n — l(t)) 
fixed directions Vx, ■ ■ ■ ,V n _i^ such that X7 2 u(x,t)Vj = for all 1 < j < n — l(t) and 
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x G U. Furthermore, for any to, there is 5 > 0, such that the null space of \7 2 u(x,t) is 
parallel for (x, t) G O X (to, to + 6). 

Proof of Theorem 14.81 The proof is similar to the proof of Theorem 13.21 here we will 
use the Strong Maximum Principle for parabolic equations. 

Since u G C 3 , and the assumption on F, u G C 4 automatically. Suppose (V 2 u(x,to)) 
attains minimal rank I at some point xq G f2. We may assume I < n— 1, otherwise there is 
nothing to prove. By continuity, ai(uij(x,t)) > in a neighborhood of (xo,to). We want 
to show 

With m = F(V 2 u, Vit, u, x, t), using the same notations as in the proof of Theorem 13.21 
equation (|3.12p becomes 



E F a(3 v al3lJ + E t; a/3i (E F a ^v jvj + £ f*^*^ + F a/3 ' v Vj + F a/3 ' Xj ) 

a/3 a/3 7»? fc 

+ E pqky ^ + E w «E F9fe ' a/3 ^- + E F9fe,< % + F9fe '^ + pqt " X] ) 

k ka/3 a/3 I 

+F v v ij + F v ' af3 v aPj + E FV ' q '^ + ^'^i + FV ' Xj ) 



(4.7) + E F Xi ' a(3 v af3j + E F^wjy + F Xi ' V Vj + i 7 *^ = O(0) + v lhU 



E^a/3 = E F ^^%^ + E^^' fem Wfcm/3 
= E F aP ^ km v l3a v kmP - E <P 5 F*>v m 

- E [F% + 2 E F^^piVui + E FtoMvkiVy 
+2j2F qk ' v v ki v j + 2 E F 5 *'^^] 

- E [F aPar, v api v lvj + 2 E F aP ' v v aPi Vj + 2 E F aP '^v api 
(4.8) + E F v ' v ViVj + 2 E F v ' Xj Vj + E + O(^) + E <^%,* 



and accordingly, equation (|3.13p becomes 



We note that <pt = 



^24> lJ Vij t t, equation (14.8|) can be written as 



E F al3 <t> a p ~ <jh 



= E F a/3 ^> km v lja v kmf3 - E /--"' a-,, 

- E <t> ij [F v Vij + 2 E F^^v^v^ + E F qk ' qi v kiVlj 
+2J2F qk ' v v ki v j + 2J2F qk ^v ki \ 

- E <P j [F a(3 ^v al3t v lw + 2 E F a ^v aPiVj + 2 E F' 
+ E i^'^^j + 2 E F v ' Xj Vj + E F**"*] + 0(0) 



(4.9) 
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Now the right hand side of (|4.9p is the same as the right hand side of (|3,13p . The same 
analysis in the proof of Theorem 13.21 for the right hand side of equation (|3. 13j) yields 

(4.10) ^F a/ V a/3 (M)-<MM) <Ci(0(ar,t) + |V0(x,t)|)-C 2 l V ^l" 

i,j£B 

We now V 2 re(x, t) is of constant rank l(t) for each t > 0. Since wfi is flat, by the arguments 
in [27], for each < t < T, xq G Q, there exist a neighborhood U of xo and (re — 
fixed directions Vi,--- , V^_j( t ) such that \7 2 u(x,t)Vj = for all 1 < j < n — l(t) and 
x £ U. Now back to (|4.10p . we have YlijeB \ViHj(x,t)\ = 0, therefore the null space of 
V 2 re is parallel. □ 

Remark 4.9. Tracing back to our proofs, for Theorem ll.il we only need locally convexity 
condition in (jl.4p near solution re at the points where some of eigenvalues of V 2 re are small. 
For solution re of (II. 2p . we let 

(4.11) V u{x) = {r diagonal] r = Q(V 2 u{x))Q T for some Q G O(n)}. 
For each <5 > 0, set J*/ s = {s| |s — u(x)\ < 5}, and 

D S u(x) = i A \ P" 1 - r ll < 5 ' for some r G ^(a)}. 
The condition (jl.4p in Theorem 1 1 . 1 1 can be replaced by: there is 5 > and for p = QVu(x) 
(Q e 0(n)), 

(4.12) F(^4 _1 ,p, re, is locally convex in (A, re, x) in -D^) X J^, s x C 

Similarly, for condition (|1 .5j) and condition (|4.3p are only needed to be valid for (A, re, x) 
in D^,*. x i^/^j x O for each £. We also remark that regularity assumptions on re and F 
in Theorem 11.21 and Theorem 14.81 can be reduced to be C 2 . 

5. Geometric applications 
We discuss geometric nonlinear differential equations in this section. 

Proposition 5.1. Suppose F(A, X,ft,t) is elliptic in A and satisfies condition \4-4\ ) f or 
each fixed n G § n , t G [0, T] for some T > 0. Let M(t) be oriented immersed connect 
hypersurface in M n+1 with a nonnegative definite second fundamental form h(t) satisfying 
equation A1.9\) . then h(t) is of constant rank for each t G (0, T]. Moreover, if let l(t) be 
the minimal rank of h(t), then l(s) < l(t) for all < s < t < T and the null space of h is 
parallel for each t. 

We note that Theorem 11.51 follows directly from Proposition 15.11 (since equation (|1.10|) 
is a special case of equation (|1 .9j) by making M independent of t) and a splitting theorem 
for complete hypersurface in R n+1 . 
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Proof of Proposition 15.11 For e > 0, let W = (g m h m j + e#y), where h = (/iy) the 
second fundamental form and (<?«) the first fundamental form of M(t), and let l(t) be the 
minimal rank of h(t). For a fixed to £ let xo £ M such that /i(io) attains minimal 

rank at xq. Set 4>(x,t) = ai + \(W(x,t)) + ^ ± ^(W(a;, t)). is in C > by result of section 
2. We want establish that in a small neighborhood of (xo,to), there are constants C\,C2 
independent of e such that 

(5.1) ^>y-^<Ci0 + C 2 |V0|. 

The proposition follows from (15.11) and the Strong Maximum Principle for parabolic equa- 
tions by taking e — > 0. 

We work on = (/iy + e<7y) in place of Hessian (wy) in the proof of Theorem 13.21 We 
set position vector X = {X , • • • ,X n+1 ). (|5.ip can be proved using the arguments in the 
proofs of Theorem 13.21 and Theorem 11.21 and the Gauss equation, Codazzi equation and 
the Weingarten equation for hyper surf aces. We note that under f)1.9f) . the Weingarten 
form hj = g im h m j satisfies equation 

(5.2) d t hi = V i V j F + F(h% 
where h? = {h\h 1 -). 

The same arguments in the proof of Theorem 13.21 can carry through some modifications 
to get parabolic version of fj3. 12|) using (|5.2p . In this case, Wyfc m and Wkmij may be 
different. But as W is Codazzi, the commutator term can be controlled using the Ricci 
identity. Also, p is replaced by ft, we use the Gauss equation when we differentiate in p. 
All these terms are controlled by CWu- We notice that Wu < 4> for alii S B, so we have 
the following corresponding formula to replace (|3.19j) . 

£ F^fo -4> t = o{4>+Y. I vwy |) - — !- £ £ 

iJeB U j o,/3 i,j&B,i^j 

—3m E E ^^l( S IO^«Witf 

2 ^ Q/3 (^aCTl(i?) " W U VjjcdiWii^B) - W ti VHP) 

' a,p ieB jeB jeB 



^(G) + alm \-^ m) ][ Y F^^W^W^ + YF^X- 



a?(B) 



n+1 n+1 



(5.3) +2 £ ^ji%% + 2 E E F X ^ XV X7XV]. 

af3eG jeG i a,/3eGy=l 7,n=l 
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The term involving Xa is controlled by Cha (in turn by CWa) using the Weingarten 
formula. We obtain 



E Fffa - & = 0{4> + Y, |VW«|) - — ^ E E ^^yaW^ 



2 



7m E E ^(Wito^iC- ) - ^ E v jja)(W iip ai(B) - Wu E "ij/s) 



T 2/ 



-E^(G) + <7r(g|0 "? (g| ° ][ E ^(A)^ 

1 71+1 71+1 

(5.4) +2 e ^E^%+ 2 E E^' X7 ^^ 7 + E ^^i- 

The right hand side of (|5.4p is the same as in (|3.19p , the analysis in the proof of Theorem 
13.21 can be used to show the right hand side of (|5.4|) can be controlled by (f> + \ V<j)\ — 
C^2ij£B l^^ijl- The theorem follows the same argument as in the end of the proof of 
Theorem 14.81 □ 



We now use Proposition 15. II to prove Theorem ll.4i In fact, the local convexity condition 
on F in that theorem can be weakened to condition (|4.4p . 

Theorem 5.2. Suppose F(A, X, ft, t) is elliptic in A and satisfies condition \4-4\ ) f or each 
fixed n G S n , t G [0, T] for some T > 0. Let M(t) C M n+1 be compact hypersurface and it 
is a solution of hi. 9^ . If Mq is convex, then M(t) is strictly convex for all t G (0, T). 

Proof of Theorem 15.21 First, we may approximate Mq by a strictly convex Mq. By 
continuity, there is 5 > (independent of e), such that there is a solution M e (t) to (jl.9p 
with M e (0) = M e for t G [0, 5]. We argue that M e (t) is strictly convex for t G [0, 6}. If not, 
there is to > 0> M e (i) is strictly convex for < t < to, but there is one point xq such that 
(hij(xo,to)) is not of full rank. This is contradiction to Proposition 15. 11 Taking e — > 0, we 
conclude that M(t) is convex for all t G [0,6]. This implies that the set t where M(t) is 
convex is open. It is obviously closed. Therefore, M(t) is convex for all t G [0, T]. Again, 
by Proposition 15. 1\ M(t) is strictly convex for all t G (0, T]. □ 

Remark 5.3. If n = 2, by Lemma 14.41 if F{A) is homogeneous of degree k for either k > 1 
or < 0, then i 7 satisfies condition (|4.4p automatically. 
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Let (M,g) be a Riemannian manifold (not necessary compact), a symmetric 2-tensor 
W is called a Codazzi tensor if is symmetric with respect to indices k in local 
orthonormal frames. One of the important example of the Codazzi tensor is the second 
fundamental form of hypersurfaces. 

Theorem 5.4. Let F(A,x) is elliptic and F{A^ 1 ,x) is locally convex in (A,x). Suppose 
(M, g) is a connected Riemannian manifold of nonnegative sectional curvature, and W is 
a semi-positive definite Codazzi tensor on M satisfying equation 

(5.5) F(g~ 1 W,x) = onM, 
then W is of constant rank and its null space is parallel. 

Proof. Since the proof is similar to the proof of Theorem 11.11 we only indicate some 
necessary modifications. 

We use the same notations as in the proof of Theorem 11.11 As before, we set 4>(x) = 
a l+l(W(x)) + as m <|2.2j) . As before, we want to establish corresponding differ- 

ential inequality (|3.5|) in this case for the Codazzi tensor W. We note that all the analysis 
in Section 3 carry through without any change if we use local orthonormal frames, ex- 
cept the commutators of derivatives. Since W is Codazzi, we only need to take care of 
commutators like W aa ,pp — Wpp )aa . The Ricci identity states 

(5.6) W aa ^/3 = W/3i3, a a + RapapiWaa ~ Wpp), 

where R a /3a/3 the sectional curvatures of (M, g). The assumption of nonnegativity of R a p a p 
gives us a good sign, following the same lines of the proof of Theorem 13.21 we have the 
corresponding differential inequality 
(5.7) 

Y^F^M*) < CiOK*) + |V0(a;)|) - <ri{G) FaaR otpapW aa - C 2 £ |VW^|. 

a/3 aeG,(3eB i,jeB 

The strong maximum principle implies <f> = in M, so W is of constant rank I. Again, by 
(|5.7p . J2ijeB I^Wy'l = 0, so the null space of W is parallel. □ 

Proof of Theorem 11.61 We deal with case (2) of theorem first. Let c = min xe M W s (x), 
where W s (x) is smallest eigenvalue ofW at x. We set W = g~ 1 (W — eg). Then W is also 
a Codazzi tensor, it's rank is strictly less than n at some point, and it satisfies 

(5.8) F(W) = F{g~ 1 W + cl) = constant. 

By our assumption, c > 0, it follows from Corollary 14.31 that F satisfies condition (|1.4[) . 
For (j)(x) = o-[ + i(W(x)) H — CT ' +2 ^\ , inequality (15. 7D is valid. Therefore it follows from 
the proof of Theorem 13.21 <fi = in M. Now back to (|5.7p . the left hand side is identical 
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to 0, so is the right hand side. By the assumption, R a p a p > at some point. It follows G 
must be empty, that is W = 0. 

We now consider case (1), we follow the arguments in the proof of Theorem 14.51 and 
Remark 14.71 Let W defined as before (c may not necessary nonnegative in this case). W 
is a semi-positive Codazzi tensor, it's minimal rank I is strictly less than 2 at some point, 
and it satisfies F(W) = F(g^ 1 W + cJ) = 0, and F is elliptic. If / = 0, the proof for case 
(2) carry through without change. If I = 1, i.e. |G| = 1. At the given point, we may 
assume W is diagonal and n S G. Differentiate equation F(W) = 0, as in the proof of 
Theorem 14.51 we get 

VW nn = 0(J2 VWy). 
ijeB 

Therefore, 'VWnn can be controlled. It follows from the proof of Theorem 13.21 inequality 
(15. 7|) is valid. In turn, we get <fi = in M. As in case (2), since R a /3a/3 > at some point, 
we must have W = 0. □ 

Remark 5.5. In spirit, our results are similar to Hamilton's strong maximum principle [19] 
for tensor equation 

(5.9) W t = AW + $(W), 

under the assumption that V T $>(W)V > for any null direction of W . Our cases are 
different in the setting. For example, in the case of Theorem [481 W = (V 2 u) satisfies 

(5.10) W t = F^ViVjW + $(yW,W,Vu,u,x,t), 

where $ involves VW, W, Vu, u, x, t. Our main analysis is to show $ is controlled by 
<fi + | V(f)\ near the null set of <fi. 

Remark 5.6. Let X m in(t) = min^gj^m {smallest eigenvalue of h(x,t)}. If F in (jl.9p is 
nonnegative and it depends only on A, using Corollary 14.31 and (15. 2p . by considering 
W = (h)(x,t)) - X min(s)I, if W has zero eigenvalue at some time t > s, our argument in 
the above can show 

(5.11) ^F^^^-^KC^ + C^V^l-a^G) £ F aa R a p aP W aa . 

a0 a&G,f3&B 

By Theorem 1 1 . 41 the sectional curvature of M(t) is strictly positive, therefore the last term 
in (|5.1ip must be vanishing, that is W = 0. In turn, Theorem 11.41 can be strengthened as 
follow: 

Xmin(t) > X m in(s), V0 < S < t < T, 

if equality holds for some s < to, then (h l Ax,t)) = X m i n (s)I is constant for all s < t and 
for all x, that is M(t) is a sphere for all t > s. 
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Remark 5.7. Applying the same argument as in Remark 14. 9\ we can weaken local convexity 
condition on F in Theorem 1 1 . 6 1 and Theorem 15. 4[ Let 

T^W(x) = { r diagonal) r = Qg~ 1 {x)W{x)Q T ioi some Q £ O(n)}, 

D\V(x) = i A \ ~ r ll ^ for some r e V u{x)}- 

In this case, we only need the condition: there is 5 > 0, 

(5.12) F(A~ 1 ,x) is locally convex in Dyy(x) x ^ • 

We note that when M is compact, for given Codazzi tensor W on M, there is A > 
such that W = Xg — W > everywhere. If F(W) is concave in W, then F(g~ 1 W) = 
-F(XI - g~ l W) satisfies condition (EU2l . 
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